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We derive a thermodynamic uncertainty relation for general open quantum systems. Open quan-
tum dynamics can be described by a joint unitary evolution on a composite system consisting of
system and environment. By considering the environmental state after the interaction, we bound
counting observables on the environment by a generalized dynamical activity, which is a quantum
analogue of the quantity in classical Markov processes. Remarkably, our relation holds for any
open quantum systems, any counting observables, and any initial states. We apply our relation
to the continuous measurement on open quantum systems and the quantum walk to find that the
quantumness of the system can enhance the precision. Moreover, we can make the lower bound
arbitrarily small by employing different continuous measurements.
I. INTRODUCTION
Higher precision demands more resources. Although
this fact is widely accepted with our intuition, it has not
been proved theoretically until recently. Thermodynamic
uncertainty relation (TUR) [1–13] (see [14] for review) is
a theoretical basis for this wildly accepted notion, which
states that the current fluctuations, quantified by the
coefficient of variation, are bounded from below by the
thermodynamic costs such as entropy production and dy-
namical activity. Nowadays TUR is becoming the central
topic in nonequilibrium thermodynamics and has been
applied to infer entropy production of thermodynamic
systems without knowing systems’ details [15–19].
Much progress has been made in TUR in classical
stochastic thermodynamics. On the other hand, quan-
tum analogues of TUR have been recently carried out
but they are still in an early stage. Many previous stud-
ies on quantum TURs [20–27] are concerned with rather
limited situations and the bound for general open quan-
tum systems has not been obtained. In the first place,
although an observable of interest in TUR of classical
stochastic thermodynamics is well defined, there is no
consensus regarding what observables to be bounded in
TUR of quantum systems. In the present Letter, we ob-
tain a TUR for general open quantum systems. Open
quantum systems can be described by a joint unitary
evolution of a composite system consisting of the prin-
cipal system and the environment. Using the composite
representation, we formulate a TUR in open quantum
systems as the bound for the environmental state by us-
ing the quantum estimation theory [28–31]. The obtained
relation exhibits remarkable generality: it holds for any
open quantum dynamics, any counting observables, and
for any initial density operators. Our TUR bounds the
fluctuations of counting observables by a generalized dy-
namical activity, which reduces to the dynamical activ-
ity [32] of classical Markov chains in a particular limit.
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We apply our TUR to the continuous measurement of
Lindblad equations and the quantum walk. We find that
the quantumness of the system can enhance the preci-
sion of the observables and that the lower bound of the
fluctuations can be arbitrarily small by employing differ-
ent continuous measurements. Moreover, our formula-
tion highlights conceptual similarities between quantum
speed limit (QSL) [33–35], which bounds the evolution
speed of the principal system, and TUR.
II. RESULT
Let us consider a system S and an environment E. The
environment is composed of an M -dimensional Hilbert
space whose orthonormal basis is |m〉 (m = 0, 1, ...,M −
1). We assume that the initial states of S and E are |ψ〉
and |0〉, respectively. S and E interact from t = 0 to
t = T via a unitary operator U acting on S+E and thus
the state of S + E at t = T is [36]
|Ψ(T )〉 = U |ψ〉 ⊗ |0〉 =
M−1∑
m=0
Vm |ψ〉 ⊗ |m〉 , (1)
where Vm ≡ 〈m|U |0〉 is the action on S which is associ-
ated with a transition in E from |0〉 to |m〉. Although
Eq. (1) is a simple interaction model, it can describe gen-
eral open quantum dynamics starting from pure states.
When tracing out E in Eq. (1), we obtain
ρ(T ) = TrE [|Ψ(T )〉 〈Ψ(T )|] =
M−1∑
m=0
VmρV
†
m, (2)
where ρ = |ψ〉 〈ψ| is a density operator of S. Equa-
tion (2) is referred to as the Kraus representation [36].
Typically in open quantum systems, a primary object
of interest is a state of the principal system S after the
interaction. On the other hand, we here focus on the
state of the environment E after the interaction. For in-
stance, in continuous monitoring of photon emission in
2open quantum systems, photon emitted to the environ-
ment during [0, T ] can be equivalently obtained via the
measurement on the environment at final time t = T .
Therefore, the environment contains all the information
about the measurement records of the emitted photon.
Equation (2) can be also interpreted as a state after the
positive-operator valued measure (POVM).
Suppose that a measurement is performed on the envi-
ronment at the final state. The measurement operator is∑
m g(m) |m〉 〈m|, where g(m) can return any real num-
ber. We assume that
g(0) = 0. (3)
The initial state of E was assumed to be |0〉 [Eq. (1)].
Therefore, when the state of the environment after the
interaction is |0〉, the environment remains unchanged
before and after the interaction. For the photon count-
ing problem, g(m) may represent the number of photons
emitted to the environment. In this case, “no change”
in the environment corresponds to no photon emission,
which naturally justifies Eq. (3). Because the condition of
Eq. (3) constitutes a minimal assumption for any count-
ing statistics, we call observables satisfying Eq. (3) as
counting observable. For general open quantum dynam-
ics and measurement on the environment, we wish to
bound the fluctuation of g(m). Let p(m) = TrS [V
†
mVmρ]
be the probability of outcome m, and let 〈g(m)〉 ≡∑M−1
m=0 p(m)g(m) and Var[g(m)] ≡ 〈g(m)2〉 − 〈g(m)〉2.
Then we find the following bound for the coefficient of
variation of g(m):
Var [g(m)]
〈g(m)〉2 ≥
1
Ξ
, (4)
where Ξ ≡ TrS [(V †0 V0)−1ρ] − 1 with ρ being the initial
density operator of the principal system. Equation (4)
is the first main result of this Letter, whose proof based
on the quantum Crame´r–Rao inequality is provided at
the end of this Letter. Equation (4) holds for any open
quantum systems (where V †0 V0 should be positive defi-
nite), any counting observable g(m), and any initial den-
sity operator ρ in S. V0 is an operator corresponding to
“no change” in the environment and thus the expectation
of the inverse of V †0 V0 quantifies activity of the dynamics.
Indeed, Ξ reduces to the dynamical activity [32] in clas-
sical Markov processes in a particular limit [cf. Eq. (14)].
Therefore, we may refer to Ξ as a generalized dynamical
activity for open quantum dynamics. Generality of the
bound implies that Ξ is physically important quantity.
Let us mention differences between the present TUR
and related quantum TURs. Reference [22] obtained
TUR for quantum jump processes. Their bound is based
on unravelling of the Lindblad equation and was de-
rived semi-classically via the large deviation principle
for T → ∞. Using the classical Crame´r–Rao inequal-
ity, Ref. [24] derived a TUR in quantum nonequilibrium
steady states. Their bound is concerned with instanta-
neous currents, which are defined by current operators,
and derived under a steady-state condition. Recently, we
derived a quantum TUR for the continuous measurement
in Ref. [26]. The bound of Ref. [26] holds for any contin-
uous measurements satisfying a scaling condition, while
Eq. (10) depends on how we unravel the Lindblad equa-
tion (note that Eq. (4) itself holds for any open quantum
systems). However, the bound of Ref. [26] requires a
steady-state condition in the Lindblad dynamics.
We also note on a relation between QSL [33–35] and
TUR. QSL is concerned with the evolution speed and the
quantum Fisher information was reported to play central
roles in QSL [37–39]. This induces us to think of possible
similarities between QSL and TUR. While QSL focuses
on the transformation of the principal system, TUR is
concerned with the evolution of the environment. There-
fore, QSL and TUR bound the evolution of the comple-
mentary states by thermodynamic quantities.
III. APPLICATIONS
A. Continuous measurement
To see physical meanings of the main result, we apply
Eq. (4) to the continuous measurement in open quantum
systems. Let us consider a time-independent Lindblad
equation [40, 41]:
dρ
dt
= −i [H, ρ] +
∑
c
D(ρ, Lc), (5)
where H is a Hamiltonian, D(ρ, L) ≡[
LρL† − {L†L, ρ} /2] is the dissipator, and Lc is a
jump operator ([•, •] and {•, •} denote commutator and
anti-commutator, respectively). The Lindblad equation
renders the dynamics when we do not measure the
environment. However, on measuring the environment,
due to the back action of the measurement, the Lindblad
equation is unraveled to yield a stochastic dynamics
conditioned on a measurement record. Given a measure-
ment record, the evolution of the density operator ρ is
given by a stochastic Schro¨dinger equation [42–44]:
dρ = −i[H, ρ]dt+
∑
c
(
ρTrS
[
LcρL
†
c
]−
{
L†cLc, ρ
}
2
)
dt
+
∑
c
(
LcρL
†
c
TrS [LcρL
†
c]
− ρ
)
dNc. (6)
where dNc is a noise increment and dNc = 1 when cth
jump event is detected between t and t+ dt and dNc = 0
otherwise. Its expectation is 〈dNc〉 = TrS [LcρL†c]dt. The
different increment dNc might correspond to an emitted
photon with different frequencies. Averaging Eq. (6) over
measurement records reproduces the original Lindblad
equation (5).
By using the input-output formalism [45–47], we can
describe the continuous measurement as the interaction
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FIG. 1. Illustration of the principal system and the environ-
ment. (a) Continuous measurement case. The environmental
initial state is |02, 01, 00〉. The initial sub-state |0k〉 interacts
with the principal system S within the time interval [tk, tk+1]
via a unitary operator Utk . The measurement record is ob-
tained by measuring the environment E at t = T . (b) Quan-
tum walk case. The initial states of the chirality (the principal
system) and the position (the environmental system) are |R〉
and |0〉, respectively. The principal and environmental sys-
tems interact at each step via a unitary operator U . The
position is obtained by measuring the environment E at step
t = T .
between the system S and the environment E. We dis-
cretize time by dividing the interval [0, T ] into N equi-
partitioned intervals, and we define ∆t ≡ T/N and
tk ≡ k∆t. We assume that the environmental orthonor-
mal basis is |mN−1, ...,m0〉, where a subspace |mk〉 in-
teracts with S within the time interval [tk, tk+1] via a
unitary operator Utk (see Fig. 1(a)). When the initial
states of S and E are |ψ〉 and |0N−1, ..., 00〉, respectively,
the state of S + E at time t = T is
|Ψ(T )〉 = UtN−1 · · ·Ut0 |ψ〉 ⊗ |0N−1, ..., 00〉
=
∑
m
XmN−1 · · ·Xm0 |ψ〉 ⊗ |mN−1, ...,m0〉 , (7)
where m ≡ [mN−1, ...,m0] and Xmk is an operator as-
sociated with the action jumping from |0k〉 to |mk〉 in
E. |mN−1, ...,m0〉 provides the record of jump events.
When measuring [mN−1, ...,m0], the unnormalized state
of the principal system is XmN−1 · · ·Xm0 |ψ〉, which is
referred to as a quantum trajectory conditioned on the
measurement record [mN−1, ...,m0]. Equation (7) can be
cast into Eq. (1) by re-defining Vm and |m〉 in Eq. (1).
Let us obtain Ξ in Eq. (4). For the continuous mea-
surement of jump events, the operators within a time
interval ∆t are
X0(∆t) ≡ e−i∆tH
√
IS −∆t
∑
c
L†cLc, (8)
Xc(∆t) ≡ e−i∆tH
√
∆tLc (c ≥ 1), (9)
which satisfy
∑
c≥0X
†
c (∆t)Xc(∆t) = IS . Indeed, ρ(t +
∆t) =
∑
cXc(∆t)ρ(t)X
†
c (∆t) reproduces Eq. (5) for
0
1
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FIG. 2. Quantum trajectories in a two-level atom for (a) ζ = 0
and (b) ζ = 1. Upper panels are measurement output, which
shows dN as a function of t. The lower panel is quantum
trajectory condition on the output of the upper panel. The
trajectory is ρee ≡ 〈ǫe|ρ|ǫe〉 as a function of t, where |ǫe〉 is
the excited state (cf. the example section for model details).
∆t → 0. In the continuous measurement, observ-
ables counting the number of jump events within [0, T ]
naturally satisfy the condition of Eq. (3). X0(∆t)
in Eq. (8) corresponds to no-jump event within
∆t. Because V0 in Eq. (4) corresponds to the ac-
tion associated with no jump events within [0, T ],
it is given by V0 = limN→∞X0(∆t)N . Since√
IS − dt
∑
c L
†
cLc = exp
(−dt∑c L†cLc/2), we obtain
V0 = e
−T(iH+ 12
∑
c
L†cLc), where we used the Trotter prod-
uct formula [48] (please see [49] for details). The gener-
alized dynamical activity reads
Ξ = TrS
[
eT(iH+
1
2
∑
c
L†cLc)eT(−iH+
1
2
∑
c
L†cLc)ρ
]
− 1.
(10)
Equation (10) is the second main result. Equation (4)
with Eq. (10) is satisfied for the continuous measurement
of jump events in any time-independent Lindblad equa-
tions starting from any initial density operators.
When we emulate classical Markov processes with the
Lindblad equation, [H,
∑
c L
†
cLc] = 0 holds. In this case,
from Eq. (10), we obtain
ΞCL = TrS
[
eT
∑
c
L†cLcρ
]
− 1, (11)
where a subscript “CL” is short for “classical”. There-
fore, non-commutativeness [H,
∑
c L
†
cLc] 6= 0 can be a
benefit of quantum systems over classical counterparts.
We evaluate the effect of the non-commutativeness in the
generalized dynamical activity. Supposing that T is suf-
ficiently small, a simple calculation gives [49]
Ξ = ΞCL +
1
2
T 2χ+O(T 3). (12)
where χ ≡ i∑cTrS [[H,L†cLc]ρ] representing the expec-
tation of the commutative relation. When χ > 0, the
system gains a precision enhancement due to the quan-
tumness. As shown later, in a two-level atom system, χ is
directly related to a non-diagonal element in the density
operator, which is a signature of the quantum coherence.
Because the Lindblad equation yields a stochastic tra-
jectory conditioned on measurement records, the trajec-
tory depends on a type of measurement. We can consider
4the effect of different measurement (unravelling) on the
fluctuation of the counting observable by using Eq. (4).
It is known that the continuous measurement is invari-
ant under a unitary transformation [43]. For simplicity,
we consider a case where there is only one jump oper-
ator L. The Lindblad equation is invariant under the
following transformation H → H − i2 (ζ∗L − ζL†) and
L → L + ζIS , where ζ ∈ C is an arbitrary parameter.
Physical interpretation of this transformation is shown
in Refs. [50–52]. Figure 2 shows examples of the con-
tinuous measurement on the system for (a) ζ = 0 and
(b) ζ = 1 in a two-level atom (cf. the example section).
As can been seen, trajectories of the two unravellings
are fundamentally different, although both dynamics re-
duces to the same Lindblad equation on average. Under
the transformation, Ξ becomes
Ξ = e|ζ|
2TTrS
[
eT (iH+
1
2
L†L+ζ∗L)eT (−iH+
1
2
L†L+ζL†)ρ
]
−1.
(13)
Therefore, for |ζ| → ∞, Ξ scales as Ξ ∼ e|ζ|2T , indicating
that we can make the lower bound of Eq. (4) arbitrary
small by employing a continuous measurement with large
|ζ|. This result also applies to systems with multiple
jump operators.
Moreover, we can obtain a specific expression ΞCL for
classical Markov processes. Let |bi〉 be an orthonor-
mal basis in the Hilbert space. Suppose that the den-
sity operator is diagonal with respect to |bi〉, i.e., ρ =∑
i Pi |bi〉 〈bi|, where Pi is the probability (
∑
i Pi = 1
and Pi ≥ 0). We assume that the Lindblad jump op-
erators are given by Lji(t) ≡
√
γji(t) |bj〉 〈bi| for i 6= j,
where γji(t) is the transition rate from |bi〉 to |bj〉 at time
t. This dynamics reduces to classical Markov processes
with transition rates γji(t) with initial probability Pi. In
this case, Eq. (11) is expressed by
ΞCL =
∑
i
Pie
∑
j 6=i
´
T
0
dt γji(t) − 1, (14)
which is valid for arbitrary (time-dependent) Markov
chains and arbitrary initial states. For short time limit
T → 0, ΞCL reduces to the dynamical activity in classi-
cal Markov processes ΞCL =
∑
i
∑
j 6=i Pi
´ T
0
dt γji(t). In
classical Markov processes, the dynamical activity was
reported to constitute the bound in TUR [6, 9, 12] and
the speed limit [53].
B. Quantum walk
We apply the main result of Eq. (4) to a discrete
time one-dimensional quantum walk [54, 55]. The quan-
tum walk is defined on the chirality space spanned by
{|R〉 , |L〉} and the position space spanned by {|n〉},
where n is integer. Here, we identify the chirality and
position spaces as the principal and environmental sys-
tems, respectively. One step evolution of the quantum
(a) (b)
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FIG. 3. Probability distribution p(n, T ) ≡ 〈R,n|UT |Ψ(0)〉 +
〈L, n|UT |Ψ(0)〉 for the quantum walk at (a) T = 10 and (b)
T = 100. The solid and dashed lines correspond to the ini-
tial states of |Ψ(0)〉 = |R〉+i|L〉√
2
⊗ |0〉 and |Ψ(0)〉 = |R〉 ⊗ |0〉,
respectively. Probability at the odd positions is not shown
since it trivially vanishes there.
walk is performed via a unitary operator
U ≡ S(C ⊗ IE), (15)
where C and S are coin and conditional shift opera-
tors, respectively. For the coin operator, we employ the
Hadamard gate defined in the basis of |R〉 and |L〉 by
C = 1√
2
[
1 1
1 −1
]
.
The conditional shift operator in Eq. (15) is given by
S =
∑
n
[|R〉 〈R| ⊗ |n+ 1〉 〈n|+ |L〉 〈L| ⊗ |n− 1〉 〈n|] ,
which increases (decreases) the position when the chiral-
ity is |R〉 (|L〉). The composite system after t steps is
given by |Ψ(t)〉 = U t |Ψ(0)〉, where |Ψ(0)〉 is the initial
state |Ψ(0)〉 = |R〉 ⊗ |0〉. For the continuous measure-
ment, we can obtain a full trajectory of the measure-
ments (Fig. 1(a)). On the other hand, for the quantum
walk, we only obtain an accumulated outcome of the mea-
surements (Fig. 1(b)). By using the combinatorics, the
amplitudes at step t are given by [54, 56, 57]
〈L, n|U t|R, 0〉 =
∑
C(−1)NL−C
(
NL−1
C−1
)(
NR
C−1
)
√
2t
, (16)
〈R, n|U t|R, 0〉 =
∑
C(−1)NL−C
(
NL−1
C−1
)(
NR
C
)
√
2t
. (17)
where
(
N1
N2
)
is a binomial coefficient, NL ≡ (t − n)/2
and NR ≡ (t + n)/2 (note that the boundary should
be calculated separately). Amplitudes 〈L, n|U t|L, 0〉 and
〈R, n|U t|L, 0〉, which correspond to starting from |L〉 ⊗
|0〉, can be expressed in a similar way. At step t = T , the
measurement is performed on the position space, where
the measurement operator is defined by
∑
n g(n) |n〉 〈n|.
Typically, g(n) = n is employed, which corresponds to
measuring the position of the coin after T steps. When
g(n) satisfies Eq. (3), i.e., g(n) is a counting observable,
5Eq. (4) holds. Figure 3 shows probability distribution
p(n, T ) ≡ 〈R, n|UT |Ψ0〉 + 〈L, n|UT |Ψ0〉 at (a) T = 10
and (b) T = 100 for |Ψ(0)〉 = |R〉+i|L〉√
2
× |0〉 (solid line)
and |Ψ(0)〉 = |R〉⊗|0〉 (dashed line). As can been seen in
Fig. 3, the dynamics of quantum walk is quite different
from the classical random walk, whose probability con-
verges to the Gaussian distribution for long-time limit.
In the quantum walk case, V0 = 〈0|UT |0〉 in Eq. (3) is
given by
V0 =
[ 〈R, 0|UT |R, 0〉 〈R, 0|UT |L, 0〉
〈L, 0|UT |R, 0〉 〈L, 0|UT |L, 0〉
]
. (18)
Substituting n = 0 into Eqs. (16) and (17), V0 in the
basis of |R〉 and |L〉 is
V0 =


(−1)u2
2u+1
(
u
u
2
) [ 1 1
−1 1
]
u ∈ even,
(−1)u−12
2u
(u−1
u−1
2
) [ 1 −1
1 1
]
u ∈ odd.
(19)
where u ≡ T/2. Note that we only consider even T , since,
for odd T , the amplitudes in Eq. (18) vanishes and thus
V0 = 0. By using Eq. (19), we obtain
Ξ =


22u+1
(
u
u
2
)−2 − 1 u ∈ even,
22u−1
(u−1
u−1
2
)−2 − 1 u ∈ odd. (20)
With th Stirling approximation, 22u+1
(
u
u
2
)−2 ∼ πu, in-
dicating that the dynamical activity linearly depends on
the number of steps. This is in contrast to the clas-
sical case where Ξ exponentially depends on time [cf.
Eq. (11)]. Although the environment confers qualita-
tively different information in the continuous measure-
ment (Fig. 1(a)) and in the quantum walk (Fig. 1(b)),
our result can provide the lower bounds for both of the
systems.
IV. DERIVATION
Our derivation is based on the quantum Crame´r–Rao
inequality [28–31], which has been used to derive QSL
[37–39] and TUR [26]. Suppose that the final state of
S +E is parametrized by a real parameter θ as |Ψθ(T )〉.
Then, for arbitrary measurement operator Θ in S + E,
the quantum Crame´r–Rao inequality holds [29]:
Varθ[Θ]
[∂θ 〈Θ〉θ]2
≥ 1FQ(θ) , (21)
where FQ(θ) is a quantum Fisher information [30, 31],
〈Θ〉θ ≡ 〈Ψθ(T )|Θ|Ψθ(T )〉, and Varθ[Θ] = 〈Θ2〉θ − 〈Θ〉2θ.
When the system evolves according to Eq. (1) where U
and Vm (0 ≤ m ≤M − 1) are parametrized by θ as U(θ)
and Vm(θ), respectively, Ref. [58] showed that FQ(θ) is
given by
FQ(θ) = 4
[
〈ψ|H1(θ)|ψ〉 − 〈ψ|H2(θ)|ψ〉2
]
, (22)
whereH1(θ) ≡
∑M−1
m=0
(
∂θV
†
m(θ)
)
(∂θVm(θ)) andH2(θ) ≡
i
∑M−1
m=0
(
∂θV
†
m(θ)
)
Vm(θ). It is known that FQ(θ) =
maxMSE F (θ;MSE), where MSE is a POVM in S + E
and F (θ;MSE) is a classical Fisher information obtained
with MSE . Therefore, FQ(θ) is optimized over all pos-
sible measurements in S + E. The mean of g(m) can
be computed through a projective measurement G ≡∑M−1
m=0 g(m) |m〉 〈m| acting on E. Specifically, the mean
of g(m) is 〈g(m)〉θ = 〈Ψθ(T )|IS ⊗ G|Ψθ(T )〉, where IS is
an identity operator in S. Because Eq. (21) holds for ar-
bitrary Θ in S+E, substituting Θ = IS⊗G into Eq. (21)
yields
Varθ[g(m)]
[∂θ 〈g(m)〉θ]2
≥ 1FQ(θ) . (23)
To derive the main result [Eq. (4)] from Eq. (23), we
consider the following parametrization for Vm≥1(θ):
Vm(θ) ≡ eθ/2Vm (1 ≤ m ≤M − 1), (24)
where θ = 0 recovers the original operator. Since
a completeness relation should be satisfied, V0(θ)
obeys V †0 (θ)V0(θ) = IS −
∑M−1
m=1 V
†
m(θ)Vm(θ) = IS −
eθ
∑M−1
m=1 V
†
mVm. For any V0(θ) satisfying the complete-
ness relation, there exist a unitary operator Y such that
V0(θ) = Y
√√√√
IS − eθ
M−1∑
m=1
V †mVm. (25)
Substituting Eqs. (24) and (25), we find that FQ(θ = 0)
is simply given by (please see [49] for details)
FQ(θ = 0) = 〈ψ|(V †0 V0)−1|ψ〉 − 1. (26)
We next evaluate ∂θ 〈g(m)〉θ in Eq. (23). Since we have
assumed that g(0) = 0 [Eq. (3)], a complicated scaling
dependence of V0(θ) on θ [i.e., Eq. (25)] can be ignored
when computing 〈g(m)〉θ. Specifically, we obtain
〈g(m)〉θ =
M−1∑
m=0
〈ψ|V †m(θ)Vm(θ)|ψ〉 g(m)
=
M−1∑
m=1
〈ψ|V †m(θ)Vm(θ)|ψ〉 g(m)
= eθ 〈g(m)〉θ=0 . (27)
Evaluating Eq. (23) at θ = 0 with Eqs. (26) and (27), we
obtain the main result [Eq. (4)]. Although the derivation
above assumed that the initial state of S is pure (i.e.,
ρ = |ψ〉 〈ψ|), we can show that Eq. (4) still holds for any
initial mixed states ρ in S through the purification [49].
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FIG. 4. Var[g(m)]/ 〈g(m)〉2 (circles) as a function of the gen-
eralized dynamical activity Ξ for different dynamics, where
the solid line is 1/Ξ. (a) Random open quantum system. Pa-
rameters are randomly selected from d ∈ {2, 3, ..., 100} and
M ∈ {2, 3, ...10}. Return values of g(m) are randomly se-
lected from [−10.0, 10.0] while satisfying g(0) = 0. (b) Pho-
ton counting in a two-level atom. Ξ is defined by Eq. (10),
and parameters are randomly selected from ∆ ∈ [0.0, 3.0],
Ω ∈ [0.0, 3.0], κ ∈ [0.0, 3.0], and T = {0.1, 1.0, 10.0, 100.0}.
(c) Photon counting in a two-level atom. The circles and the
solid line is plotted as a function of ΞCL instead of Ξ, where
ΞCL is defined by Eq. (11). The other settings are the same as
(b). (d) Quantum walk model. Ξ is defined by Eq. (20), and
T is randomly selected from T = {2, 4, ..., 38, 40}. Return val-
ues of g(n) are randomly selected from [−1.0, 1.0], [0.0, 1.0],
and [0.5, 1.0] while satisfying g(0) = 0.
V. NUMERICAL VERIFICATION
We verify the main result [Eq. (4)] with computer sim-
ulations. We randomly generate d-dimensional positive
Hermitian matrices V †mVm satisfying a completeness re-
lation
∑N−1
m=0 V
†
mVm = IS . The dimentionality d and
the number of operators M are randomly sampled from
uniform distributions. We generate g(m) by randomly
assigning return values from uniform distribution while
satisfying g(0) = 0 (the parameter ranges are shown
in the caption of Fig. 4(a)). In Fig. 4(a), circles show
Var[g(m)]/ 〈g(m)〉2 as a function of Ξ for many random
realizations, where the solid line denotes the lower bound
of Eq. (4). As can been seen with Fig. 4(a), all the re-
alizations are above the lower bound, which numerically
verifies Eq. (4).
We next consider a photon counting in a two-level
atom driven by a classical laser field. Let |ǫg〉 and |ǫe〉
be the ground and excited states, respectively. The
Hamiltonian and the jump operator are defined by H =
∆ |ǫe〉 〈ǫe| + Ω2 (|ǫe〉 〈ǫg| + |ǫg〉 〈ǫe|) and L =
√
κ |ǫg〉 〈ǫe|,
respectively, where ∆ is a detuning between the laser-
field and the atomic-transition frequencies, Ω is the Rabi-
oscillation frequency, and κ is the decay rate. We con-
sider a counting observable for g(m), which counts the
number of emitted photon during [0, T ]. We randomly
select ∆, Ω, κ, T , and the initial density operator ρ.
We calculate Var[g(m)]/ 〈g(m)〉2 for the selected param-
eters and the density operator (the parameter ranges
are shown in the caption of Fig. 4(b)). In Fig. 4(b),
circles show Var[g(m)]/ 〈g(m)〉2 as a function of Ξ for
many random realizations, where the solid line denotes
the lower bound of Eq. (4). Again, we see that all the
realizations satisfy Eq. (4).
We calculate χ, defined in Eq. (12), for the two-
level atom system and obtain χ = −κΩI[ρeg], where
ρeg ≡ 〈ǫe|ρ|ǫg〉 and I[•] returns an imaginary part of the
argument. This shows that, when non-diagonal elements
of ρ do not vanish, the precision of counting observables
can be increased. Note that χ can take both positive and
negative values. Non-diagonal elements in the density op-
erator are often associated with the quantum coherence
[59]. The quantum coherence quantifies the deviation of
quantum systems from classical counterparts, and it has
been reported to enhance the performance of thermody-
namic systems such as quantum heat engines [60, 61].
Similarly, our result shows that the quantum coherence
can be used to enhance the precision of counting observ-
ables for the continuous measurement. In Fig. 4(c), we
numerically calculate whether Var[g(m)]/ 〈g(m)〉2 of the
counting observable can be bounded by ΞCL and confirm
that some realizations are lower than 1/ΞCL. This indi-
cates that the quantum coherence actually improves the
precision of the counting observable.
We finally verify the main result [Eq. (4)] for the quan-
tum walk. We randomly generate a counting observable
g(n) satisfying Eq. (3), and performs the measurement∑
n g(n) |n〉 〈n| on the position space at step t = T , where
T is randomly sampled (the parameter ranges are shown
in the caption of Fig. 4(d)). In Fig. 4(d), circles show
Var[g(n)]/ 〈g(n)〉2 as a function of Ξ for many random
realizations, where the solid line denotes the lower bound
of Eq. (4). From Fig. 4(d), we can see that all the re-
alizations are above the lower bound, which numerically
verifies Eq. (4) for the quantum walk case.
VI. CONCLUSION
In this Letter, we have derived a TUR for open quan-
tum systems via the quantum Crame´r–Rao inequality by
formulating the TUR as the fluctuation bound on the en-
vironmental state. Our relation is bounded by the gen-
eralized dynamical activity, which is an open quantum
generalization of the classical dynamical activity. Be-
cause our relation holds for any open quantum systems,
we expect the present study to form a basis for obtaining
thermodynamic bound for several quantum systems such
as quantum computation and communication.
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This supplementary material describes the calculations introduced in the main text. Equation and figure numbers
are prefixed with S (e.g., Eq. (S1) or Fig. S1). Numbers without this prefix (e.g., Eq. (1) or Fig. 1) refer to items in
the main text.
S1. CALCULATION OF QUANTUM FISHER INFORMATION
We show detailed calculations for the quantum Fisher information. Suppose that the final state of S + E is
parametrized by a real parameter θ as |Ψθ(T )〉. Then, for arbitrary measurement operator Θ in S +E, the quantum
Crame´r–Rao inequality holds [1–4]:
Varθ[Θ]
[∂θ 〈Θ〉θ]2
≥ 1FQ(θ) , (S1)
where FQ(θ) is a quantum Fisher information [3, 5], 〈Θ〉θ ≡ 〈Ψθ(T )|Θ|Ψθ(T )〉, and Varθ[Θ] = 〈Θ2〉θ − 〈Θ〉2θ. We
assume that the composite system evolves according to [cf. Eq. (1)]
|Ψθ(T )〉 = U(θ) |ψ〉 ⊗ |0〉 =
M−1∑
m=0
Vm(θ) |ψ〉 ⊗ |m〉 . (S2)
In this case, Ref. [6] showed that FQ(θ) is given by
FQ(θ) = 4
[
〈ψ|H1(θ)|ψ〉 − 〈ψ|H2(θ)|ψ〉2
]
, (S3)
where
H1(θ) ≡
M−1∑
m=0
dV †m(θ)
dθ
dVm(θ)
dθ
, (S4)
H2(θ) ≡ i
M−1∑
m=0
dV †m(θ)
dθ
Vm(θ). (S5)
The mean of g(m) can be computed through a projective measurement G ≡ ∑M−1m=0 g(m) |m〉 〈m| on E. Specifically,
the mean of g(m) is 〈g(m)〉θ = 〈Ψθ(T )|IS ⊗ G|Ψθ(T )〉, where IS is an identity operator in S. Because Eq. (S1) holds
for arbitrary Θ in S + E, substituting Θ = IS ⊗ G into Eq. (S1) yields
Varθ[g(m)]
[∂θ 〈g(m)〉θ]2
≥ 1FQ(θ) . (S6)
To derive the main result from Eq. (S6), we consider the following parametrization for Vm≥1(θ):
Vm(θ) ≡ eθ/2Vm (1 ≤ m ≤M − 1), (S7)
∗ hasegawa@biom.t.u-tokyo.ac.jp
2where θ = 0 recovers the original operator. Since a completeness relation should be satisfied, V0(θ) should obey
V †0 (θ)V0(θ) = IS −
∑M−1
m=1 V
†
m(θ)Vm(θ) = IS − eθ
∑M−1
m=1 V
†
mVm. For any V0(θ) satisfying the completeness relation,
there exist a unitary operator Y such that
V0(θ) = Y
√√√√
IS − eθ
M−1∑
m=1
V †mVm. (S8)
Because
∑M−1
m=1 V
†
mVm is Hermitian, we can consider the spectral decomposition of
∑M−1
m=1 V
†
mVm:
M−1∑
m=1
V †mVm =
∑
i
ζiΠi, (S9)
where {ζi} is a set of different eigenvalues of
∑M−1
m=1 V
†
mVm and Πi is a projector corresponding to ζi. Given a univariate
complex function f(x), an operator function f(A), where A is an Hermitian operator, is defined by f(A) ≡∑i f(ζi)Πi
[7]. Then Eq. (S8) is given by
V0(θ) = Y
∑
i
√
1− eθζiΠi. (S10)
First we calculate H1(θ) defined by Eq. (S4). Substituting Eqs. (S10) and (S7) into Eq. (S4), we obtain
H1(θ = 0) =
1
4
M−1∑
m=1
V †mVm +
(
d
dθ
V †0 (θ)
)(
d
dθ
V0(θ)
)
θ=0
=
1
4
∑
i
ζiΠi +
1
4
∑
i
ζ2i
1− ζiΠi
=
1
4
∑
i
ζi
1− ζiΠi
=
1
4
(
M−1∑
m=1
V †mVm
)(
IS −
M−1∑
m=1
V †mVm
)−1
=
1
4
[
(V †0 V0)
−1 − 1
]
. (S11)
Similarly, H2(θ) is obtained as follows:
H2(θ = 0) = i
[
M−1∑
m=1
dVm(θ)
†
dθ
Vm(θ) +
dV0(θ)
†
dθ
V0(θ)
]
θ=0
= i

1
2
M−1∑
m=1
V †mVm −
∑
i,j
ζi
2
√
1− ζi
Πi
√
1− ζjΠj


= i
[
1
2
M−1∑
m=1
V †mVm −
1
2
∑
i
ζiΠi
]
= 0. (S12)
Substituting Eqs. (S11) and (S12) into Eq. (S3), FQ(θ = 0) is given by
FQ(θ = 0) = 〈ψ|(V †0 V0)−1|ψ〉 − 1. (S13)
S2. MIXED STATE CASE
We have derived the main result [Eq. (4)] for initially pure state. In this section, we show that the main result still
holds for initially mixed state through the purification.
3First we introduce an ancilla S′ which purifies mixed states in S. Let |ψ˜〉 be a pure state in S + S′, which is a
purification of ρ:
ρ = TrS′
[
|ψ˜〉 〈ψ˜|
]
. (S14)
We can describe the time evolution of |ψ˜〉 〈ψ˜| as follows:
ρ˜(T ) =
M−1∑
m=0
V˜m |ψ˜〉 〈ψ˜| V˜ †m, (S15)
where V˜m is defined by V˜m ≡ Vm ⊗ IS′ with IS′ being an identity operator in S′, and ρ˜(T ) is a density operator in
S + S′ at time t = T . Using the pure state |ψ˜〉 in S + S′, the pure state of S + S′ + E after the interaction is
|Ψ˜(T )〉 =
M−1∑
m=0
V˜m |ψ˜〉 ⊗ |m〉 . (S16)
We can verify that Eq. (S15) actually yields the consistent evolution for ρ(T ) in S, i.e.,
ρ(T ) = TrS′
[
M−1∑
m=0
V˜m |ψ˜〉 〈ψ˜| V˜ †m
]
(S17)
=
M−1∑
m=0
VmρV
†
m, (S18)
which agrees with Eq. (2). For the purified system, we consider the following parametrization for V˜m:
V˜m(θ) = Vm(θ) ⊗ IS′ , (S19)
where Vm(θ) is defined in Eq. (S7). Using Eq. (S19), Eq. (S16) is parametrized as
|Ψ˜θ(T )〉 =
M−1∑
m=0
V˜m(θ) |ψ˜〉 ⊗ |m〉 . (S20)
After the purification, we can obtain the quantum Fisher information by replacing |ψ〉 and Vm(θ) with |ψ˜〉 and V˜m(θ),
respectively, in Eq. (S3):
FQ(θ) = 4
[
〈ψ˜|H˜1(θ)|ψ˜〉 − 〈ψ˜|H˜2(θ)|ψ˜〉2
]
, (S21)
H˜1(θ) =
M−1∑
m=0
dV˜m(θ)
†
dθ
dV˜m(θ)
dθ
, (S22)
H˜2(θ) = i
M−1∑
m=0
dV˜m(θ)
†
dθ
V˜m(θ). (S23)
Here FQ is the quantum Fisher information in S + S′ + E , i.e.,
FQ(θ) = maxMSS′E F (θ;MSS
′E), (S24)
where MSS′E is a positive-operator valued measure (POVM) in S + S′ + E and F (θ;MSS′E) is the classical Fisher
information obtained with MSS′E . As shown in Ref. [6], we can easily calculate
〈ψ˜|H˜1(θ)|ψ˜〉 =
M−1∑
m=0
TrS
[
dVm(θ)
dθ
dV †m(θ)
dθ
ρ
]
= TrS [H1(θ)ρ], (S25)
〈ψ˜|H˜2(θ)|ψ˜〉 =
M−1∑
m=0
iTrS
[
dVm(θ)
†
dθ
Vm(θ)ρ
]
= TrS [H2(θ)ρ]. (S26)
4We can compute the generalized dynamical activity Ξ from Eqs. (S25) and (S26) along with Eqs. (S11) and (S12) as
follows:
Ξ = TrS
[(
V †0 V0
)−1
ρ
]
− 1. (S27)
We next evaluate ∂θ 〈g(m)〉θ in Eq. (23). Specifically, we obtain
〈g(m)〉θ = TrSS′E
[
(IS ⊗ IS′ ⊗ G) |Ψ˜θ(T )〉 〈Ψ˜θ(T )|
]
= TrSS′E
[
(IS ⊗ IS′ ⊗ G)
(
M−1∑
m=0
M−1∑
m′=0
V˜m(θ) |ψ˜〉 ⊗ |m〉 〈ψ˜| V˜ †m′(θ)⊗ 〈m′|
)]
=
M−1∑
m=0
M−1∑
m′=0
〈m′| G |m〉TrSS′
[
(Vm(θ)⊗ IS′) |ψ˜〉 〈ψ˜|
(
V †m(θ) ⊗ IS′
)]
=
M−1∑
m=0
g(m)TrSS′
[
Vm(θ)ρV
†
m(θ)
]
=
M−1∑
m=1
g(m)TrSS′
[
Vm(θ)ρV
†
m(θ)
]
= eθ 〈g(m)〉θ=0 . (S28)
Evaluating Eq. (23) at θ = 0 with Eqs. (26) and (27), we obtain the main result [Eq. (4)] for initially mixed states.
S3. GENERALIZED DYNAMICAL ACTIVITY
A. Continuous measurement
We show detailed calculations for the generalized dynamical activity Ξ for the continuous measurement. As shown
in the main text, for the continuous measurement of jump events, the operators within a time interval ∆t ≡ T/N are
[Eqs. (8) and (9)]
X0(∆t) ≡ e−i∆tH
√
IS −∆t
∑
c
L†cLc, (S29)
Xc(∆t) ≡ e−i∆tH
√
∆tLc (c ≥ 1), (S30)
X0(∆t) in Eq. (S29) corresponds to no-jump event within ∆t. Because V0 is the action associated with no jump
events within [0, T ], it is given by
V0 = lim
N→∞
X0(∆t)
N = lim
N→∞
(
e−i
TH
N
√
IS − T
N
L†L
)N
. (S31)
We now use the Trotter product formula [8] to calculate Eq. (S31). For arbitrary (complex or real) matrices A and
B, the Trotter product formula states
eA+B = lim
N→∞
(
eA/NeB/N
)N
. (S32)
Using
√
IS − dt
∑
c L
†
cLc = exp
(−dt∑c L†cLc/2) and Eq. (S32), Eq. (S31) is calculated into
V0 = e
−T(iH+ 12
∑
c
L†
c
Lc). (S33)
Therefore, the generalized dynamical activity Ξ is
Ξ = Tr
[(
eT(iH−
1
2
∑
c
L†
c
Lc)eT(−iH−
1
2
∑
c
L†
c
Lc)
)−1
ρ
]
− 1 (S34)
= Tr
[
eT(iH+
1
2
∑
c
L†
c
Lc)eT(−iH+
1
2
∑
c
L†
c
Lc)ρ
]
− 1. (S35)
5In the main text, assuming a commutative relation [H,
∑
c L
†
cLc] = 0, we obtained
ΞCL = TrS
[
eT
∑
c
L†
c
Lcρ
]
− 1, (S36)
Suppose that T is sufficiently small. Then, for any matrices A and B, using eTA = I + TA + 12T
2A2 + O(T 3), we
obtain
eTAeTB = eT (A+B) +
1
2
T 2[A,B] +O(T 3), (S37)
Substituting A = iH + 12
∑
c L
†
cLc and B = −iH + 12
∑
c L
†
cLc into Eq. (S37), we obtain
eT(iH+
1
2
∑
c
L†
c
Lc)eT(−iH+
1
2
∑
c
L†
c
Lc) = eT
∑
c
L†
c
Lc +
i
2
T 2
[
H,
∑
c
L†cLc
]
+O(T 3). (S38)
which gives Eq. (12) in the main text.
B. Quantum walk
We show detailed calculations for the generalized dynamical activity Ξ for the quantum walk. By using the
combinatorics, the amplitudes at step t are given by [9]
〈L, n|U t|R, 0〉 = 1√
2t
“N”∑
C=1
(−1)NL−C
(
NL − 1
C − 1
)(
NR
C − 1
)
, (S39)
〈R, n|U t|R, 0〉 = 1√
2t
“N”∑
C=1
(−1)NL−C
(
NL − 1
C − 1
)(
NR
C
)
, (S40)
〈L, n|U t|L, 0〉 = 1√
2t
“N”∑
C=1
(−1)NL−C
(
NL − 1
C − 1
)(
NR
C − 1
)
NR − 2C + 2
NR
, (S41)
〈R, n|U t|L, 0〉 = 1√
2t
“N”∑
C=1
(−1)NL−C
(
NL − 1
C − 1
)(
NR
C
)
NR − 2C + 2
NR
, (S42)
where
(
N1
N2
)
is a binomial coefficient, NL ≡ (t − n)/2, and NR ≡ (t + n)/2. The upper bound of the summation
in Eqs. (S39)–(S42) is NL for n ≥ 0 and NR + 1 otherwise. Moreover, the boundary cases (NL = 0 and NR = 0)
should be calculated separately. Because the boundary cases are irrelevant in our calculation, we do not show here
(see Ref. [9] for details). In the quantum walk case, V0 = 〈0|UT |0〉 in Eq. (S13) is given by
V0 = IS ⊗ 〈0| UT IS ⊗ |0〉
= (|L〉 〈L|+ |R〉 〈R|)⊗ 〈0| UT (|L〉 〈L|+ |R〉 〈R|)⊗ |0〉
=
[ 〈R, 0|UT |R, 0〉 〈R, 0|UT |L, 0〉
〈L, 0|UT |R, 0〉 〈L, 0|UT |L, 0〉
]
. (S43)
Substituting n = 0 into Eqs. (S39)–(S42), by virtue of the binomial identity, V0 in the basis of |R〉 and |L〉 is
V0 =


(−1)u2
2u+1
(
u
u
2
) [ 1 1
−1 1
]
u ∈ even,
(−1)u−12
2u
(u−1
u−1
2
) [ 1 −1
1 1
]
u ∈ odd.
(S44)
where u ≡ T/2. Note that we only consider even T , since, for odd T , the amplitudes in Eq. (S43) vanishes and thus
V0 = 0. By using Eq. (S44), we obtain
Ξ =


22u+1
(
u
u
2
)−2 − 1 u ∈ even,
22u−1
(u−1
u−1
2
)−2 − 1 u ∈ odd. (S45)
6With the Stirling approximation n! ∼ √2πn (n/e)n, we have
22u+1
(
u
u
2
)−2
∼ πu.
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